Abstract. In this paper the problem of the first-passage probabilities determination of nonlinear systems under alpha-stable Lévy white noises is addressed. Based on the properties of alpha-stable random variables and processes, the Path Integral method is extended to deal with nonlinear systems driven by Lévy white noises with a generic value of the stability index alpha. Furthermore, the determination of reliability functions and first-passage time probability density functions is handled step-by-step through a modification of the Path
INTRODUCTION
Dynamic excitation, in many applications of engineering interest, has to be often modeled as a stochastic process, and consequently the corresponding systems response is a stochastic process too.
In this case two are the main problems commonly one has to deal with. The first one pertains the determination of the system response probability density function (PDF), the second is related to the probability the system response stays within a prescribed domain over a given time interval. The latter, generally known as survival probability or reliability function, is used to evaluate the risk of failure of the considered system and to perform the dynamical system reliability-based analysis.
Clearly, the counterpart of the above problem is the determination of the probability that the system reaches the prescribed boundary for the first time, and it is commonly named as first-passage problem [1] [2] .
Although first-passage problem has been extensively studied by numerous authors, even the case of a linear oscillator under white noise excitation still lacks of an exact closed form solution for its reliability function, thus demonstrating the complexity of the aforementioned issue.
Many analytical and numerical techniques have been then proposed to evaluate the reliability function or the corresponding first-passage time PDF. In this regard Monte Carlo simulation (MCS)-based approaches are among the most common numerical tools (see [3] and references therein), while other relevant contributions on the subject can be found in [4] [5] [6] [7] [8] [9] .
In this context, the so-called Path Integral (PI) technique, developed for the PDF determination of systems under normal and Poissonian white noise [10] [11] [12] [13] , has been modified and adapted for the solution of the first-passage problem of nonlinear systems [5, 14, 15] .
For the application of the PI technique the knowledge in closed form of the so-called conditional probability density functions (CPDFs) is required. This function, in fact, appears in the convolution integral of the Chapman-Kolmogorov (CK) equation, on which the entire PIS method is based. However, CPDFs are known in closed-form only for systems subjected to Gaussian and external Poissonian white noises [10, 12] .
A third still common case of white noise exists, the so-called α -stable Lévy white noise which belongs to the wide class of α -stable Lévy processes.
In this regard, many real phenomena observed in diverse fields of physic and engineering show evident non-Gaussian features noticeable in heavy tails distributions, which are characteristics of the so-called α -stable Lévy processes [16] .
Due to the consequently increasing interest in the response evaluation of engineering systems under α -stable stochastic processes, some research efforts have focused on developing numerical and analytical technique to evaluate the response of nonlinear systems with Lévy white noise input [17] [18] [19] [20] .
However, since the CPDF of nonlinear systems under a generic α -stable Lévy white noise is not known in closed form, the PI method has not yet been applied for this kind of systems. Specifically, only the particular case of the Cauchy white noise (which belongs to the class of the Lévy white noises for 1 α = ) has been considered by Naess and Skaug [21] .
In this paper the PI technique is applied and extended to cope with nonlinear systems subjected to α -stable Lévy white noises, with any value of the stability index. Further, based on the recent application of the PI for the solution of the first-passage problem, the aforementioned technique is used to derive reliability functions and first-passage time PDFs of nonlinear systems with Lévy input. Finally, comparison with pertinent MCS is reported to assess the accuracy of the method.
REMARKS ON α -STABLE LÉVY RANDOM VARIABLES
In this section some definitions and properties of α -stable random variables, which will be necessary for following derivation, are introduced.
A random variable X is said to be α -stable if, for any (
where [ ] 
It has to be noted that Eq. (3) represents a remarkable property which will be necessary for the application of the PI to the case under consideration.
As far as the α -stable random processes are concerned, they can be defined as α -stable random variables which depend on the parameter set T [16] .
A relevant class of α -stable processes of engineering interest, is the one of symmetric α -stable Lévy motion processes
≥ . These are defined as zero-shift and zeroskewness Lévy motion processes, having the following properties: i) They starts from zero with probability one, i.e.
( )
ii) They have independent stationary increments following the α -stable distribution
iii) The CF of their increments 
Clearly for 2 α = , the α -stable Lévy white noise reverts to the Gaussian white noise. Further, the smaller the stability index α , the greater is the departure of the Lévy white noise from the Gaussian one.
PATH INTEGRAL METHOD FOR SYSTEMS UNDER α -STABLE LÉVY WHITE NOISE INPUT
Let a nonlinear system under an α -stable white noise
where ( ) , f X t is a generic nonlinear function of the response process ( )
condition, deterministic or a random with assigned PDF, and γ is a positive constant.
The associated Ito equation associated is given as
in which increments have already been derived in [12] , for the general class of α -stable white noise input the CPDF has not still been obtained.
To this aim, consider a new process ( ) X ρ ruled by the differential equation
It is evident that the only difference between Eq. (9.b) and Eq. (6.b) is that ( ) X ρ has a deterministic initial condition x , hence the CPDF in Eq. (8) coincides with the unconditional PDF of the response process ( )
Supposing the time interval τ sufficiently small, it follows that an approximation of ( )
In this way ( ) 
and the corresponding PDF can be evaluated by its inverse Fourier transform, that is
It is worth stressing that, due to Eq. (10), Eq. (14) 
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Solution of the first-passage problem by Path Integral method
The first-passage problem is defined as the problem of evaluating the probability that the trajectories of the response process ( ) 
where ( ) U i is the unit step function and
Note that the function
+ ∆ represents the probability that the trajectories of the response process ( ) X t fall, at the generic time instant ( )
+ , and it is not a PDF since its area is not unitary.
Equation (16) represents the modification of the PI for the first-passage problem. Considering that the reliability function ( ) E R T is defined [14] as the probability that the system response ( ) X t stays between the threshold barriers ( ) 
where it has been assumed that the discretization over the domain x in ( ) 
The nonlinear system considered represents a wide class of systems, depending on the values of the parameters ( ) , , a ε ρ considered. In this paper the chosen parameter of the system are: ( ) , while the accuracy of the PI technique has been assessed through comparison with pertinent MCS with 60000 samples. Note that MCS has been carried out as reported in [22] .
In Fig. (1) the RDF of the system in Eq. (23) As it can be seen, the PI technique provides very accurate results even for very large values of the threshold.
Finally, PI based first-passage time PDFs The excellent agreement between PI solution and MCS results, shown in Fig. (3) , assess the accuracy of the proposed procedure at any value of the total time T .
CONCLUSIONS
• The Path Integral technique has been extended to deal with nonlinear systems under α -stable Lévy white noise.
• The appropriate Conditional PDF for systems driven by Lévy white noise is introduced, for any value of the stability index α .
• Specifically the Conditional PDF is found as inverse Fourier Transform of the corresponding Characteristic Function, which is known in closed form.
• The Path Integral procedure has been modified in order to obtain the reliability density functions and consequently the Reliability function of the nonlinear systems under α -stable Lévy white noise.
• Comparison whit pertinent Monte Carlo Simulation has shown that the proposed procedure leads to really accurate results for any value of the barrier level and total time considered , even for large value of the nonlinearity.
